ASYMPTOTIC PROPERTIES, NONOSCILLATION AND
STABILITY FOR SCALAR FIRST ORDER LINEAR
AUTONOMOUS NEUTRAL DELAY DIFFERENTIAL

EQUATIONS

CH. G. PHILOS AND I. K. PURNARAS

ABSTRACT. A wide class of scalar first order linear autonomous neutral delay
differential equations with distributed type delays is considered. Some new
results on the asymptotic behavior, the nonoscillation and the stability are
given. The results are obtained via a real root (with an appropriate property)
of the characteristic equation. The application to the special case of (non-
neutral) delay differential equations is also presented.

1. INTRODUCTION

Neutral delay differential equations are differential equations depending on past
and present values, which involve derivatives with delays as well as the unknown
function itself. Besides its theoretical interest, the study of such equations has great
importance in various applications in natural sciences and technology. For the basic
theory of neutral delay differential equations, the reader is referred to the books by
Diekmann et al. [2], Hale [10], and Hale and Verduyn Lunel [11].

Driver, Sasser and Slater [6] have obtained some significant results on the as-
ymptotic behavior, the nonoscillation and the stability for a first order linear delay
differential equation with constant coefficients and one constant delay. These re-
sults have been improved and extended by Philos [13] for first order linear delay
differential equations in which the coefficients are periodic functions with a common
period and the delays are constants and multiples of this period. The results in [6]
have also been improved and extended by Kordonis, Niyianni and Philos [12] for
first order linear neutral delay differential equations with constant coefficients and
constant delays. Philos and Purnaras [14] have studied the more general case of
first order linear neutral delay differential equations with periodic coefficients and
constant delays, where the coefficients have a common period and the delays are
multiples of this period. The results in [14] contain especially those in [13] (in an
improved version) as well as the ones given in [12]. Moreover, the results obtained
by Graef and Qian [8] are also motivated by those in [6] and are closely related.
For some related results we refer to the papers by Arino and Pituk [1], Driver [4],
and Gyori [9)].

In [3], Driver studied first order linear autonomous delay differential equations
with infinitely many distributed delays and obtained some important results on
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the asymptotic behavior, the nonoscillation and the stability. For previous related
results we refer to the references cited in [3]. The results given in this paper are
essentially motivated by the corresponding ones in [3] and the techniques applied
in the present paper are originated in some of the methods used in [3].

This paper deals with the asymptotic behavior, the nonoscillation and the sta-
bility for scalar first order linear autonomous neutral delay differential equations
with distributed type delays. A basic asymptotic criterion is established. Also, a
nonoscillation result is given. Moreover, a useful estimate of the solutions is ob-
tained and a stability criterion is derived. OQur results are obtained by the use
of a real root (with an appropriate property) of the corresponding characteristic
equation. The results given here can be applied to the corresponding non-neutral
equations. An application of our results to the special case of (non-neutral) delay
differential equations leads to an improved version of some of the results given by
Driver in [3].

Very recently, a very interesting article was published by Frasson and Verduyn
Lunel [7] concerning the large time behaviour of linear functional differential equa-
tions. It is shown in [7] that the spectral theory for linear autonomous as well
as periodic functional differential equations yields explicit formulas for the large
time behaviour of solutions. The results in [7] are based on resolvent computations
and Dunford calculus. Some known results (see [6] and [12]) can be obtained as
applications of the general results given in [7]. The work in [7] may be viewed
as a generalization of previous works for first order scalar linear autonomous and
periodic functional differential equations (see [3, 6], [12], [13] and [14]). It must be
noted that, in [3, 6], [12], [13] and [14] as well as in the present paper, the method
used in obtaining the results is very simple and is essentially based on elementary
calculus.

Consider the neutral delay differential equation

0 4 0
(B) [x(t) + / 2k s)dC(s)] — [ ol s an(sl,
—c -T
where o and T are positive constants, ( and 1 are real-valued functions of bounded
variation on the intervals [—o,0] and [—7,0] respectively, and the integrals are
Riemann-Stieltjes integrals. It will be supposed that 7 is not constant on [—,0].
Set

r = max{o,T}.

(Clearly, r is a positive constant.)

As usual, a continuous real-valued function z defined on the interval [-r, 00) is
said to be a solution of the neutral delay differential equation (E) if the function
z(t) + f_o o, T(t + s)d((s) is continuously differentiable for £ > 0 and x satisfies (E)
for all £ > 0.

In the sequel, by C([—r, 0],R) we will denote the set of all continuous real-valued
functions on the interval [—r,0]. This set is a Banach space endowed with the usual
sup-norm ||-|| defined by

llell = tES[I:PD] |¢(2)| for any ¢ € C([-,0],R).

It is well-known (see, for example, Diekmann ef al. [2], Hale [10], or Hale and
Verduyn Lunel [11]) that, for any given initial function ¢ in C([-r,0],R), there
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exists a unique solution z of the differential equation (E) which satisfies the nitial
condition

(©) z(t) = ¢(t) fort € [-r,0];

this function = will be called the solution of the initial problem (E)-(C) or, more
briefly, the solution of (E)-(C).
The characteristic equation of (E) is

0 0
(*) A [1 + f e’“’d{(s)] = f e**dr(s).
—c -

Throughout the paper, by V({) we will denote the total variation function of ¢,
which is defined on the interval [—¢,0] as follows: V({)(—o) = 0, and V({)(s) is
the total variation of { on [—o, s] for each s in (—0,0]. Also, V(7) will stand for the
total variation function of 7 defined on the interval [—7,0] by an analogous way:
V(n)(—7) = 0, and V(5)(s) is equal to the total variation of  on [—7,s] for each
s € (—7,0]. Note that the functions V({) and V() are nonnegative and increasing
on the intervals [—o,0] and [—7,0] respectively. Moreover, it must be noted that
V() is identically zero on [—o,0] if ¢ is constant on this interval, and that V(n)
is not identically zero on the interval [—7,0] (and so it is always not constant on
[=7,0]). It will be considered that the reader is familiar with the theory of functions
of bounded variation and the theory of Riemann-Stieltjes integration.

To obtain the main results of this paper, we will make use of a real root Ag of
the characteristic equation (*) with the property

0 0
(P(%)) | [+ 12l (=5)] e**dV () (s) + 3 (=s)e’**dV (n)(s) < L.

Let us consider the special case of the (non-neutral) delay differential equation

0
(Eo) f@r=j:xa+sMMﬂ.

This equation can be obtained (as a special case) from the differential equation
(E), by choosing o to be an arbitrary positive constant with o < 7 and considering
¢ to be any constant real-valued function on [—a, 0].

As it concerns the (non-neutral) delay differential equation (Ep), we have the
constant 7 in place of r.

By a solution of (Ep), we mean a continuous real-valued function z defined on
the interval [—,00), which is continuously differentiable on [0,00) and satisfies
(Eo) for ¢ > 0. In the special case of (Eg), the initial condition (C) becomes

(Co) z(t) = ¢(t) fort € [—7,0].
The characteristic equation of (Ep) is
0
(*)o X = ] e*dn(s).

With respect to the (non-neutral) delay differential equation (Eg), we need a real
root Mg of the characteristic equation (*)p with the property

0
(X)) ./PWMW@@<L
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The notions of the stability, instability, uniform stability, asymptotic stability
and uniform asymptotic stability of the trivial solution of a neutral (or non-neutral)
delay differential equation will be considered in the usual sense (see, for example,
Diekmann et al. [2], Hale [10], or Hale and Verduyn Lunel [11]; for the non-neutral
case, see also Driver [5]). Note that, since the differential equation (E) (and, in
particular, the differential equation (Eo)) is autonomous, the trivial solution of (E)
(and, in particular, of (Ep)) is uniformly stable or uniformly asymptotically stable
if and only if it is stable (at 0) or asymptotically stable (at 0) respectively.

Our main results are two theorems and two corollaries of the first of these theo-
rems. The main results of the paper are stated in Section 2. The proof of the first
theorem is given in Section 3, while the proof of the second theorem is presented
in Section 4. Section 5 is devoted to the application of the main results to the spe-
cial case of the (non-neutral) delay differential equation (Eo). Sufficient conditions
for the characteristic equation () (and, in particular, for (%)) to have a real root
Ao with the property (P(Ag)) (and, in particular, with the property (p()g))) are
obtained in Section 6.

2. STATEMENT OF THE MAIN RESULTS

Theorem 1 below is a basic asymptotic criterion for the solutions of the neutral
delay differential equation (E).

Theorem 1. Let Ay be a real oot of the characteristic equation (x) with the
property (P(X)) and set

0 0
100) = [ 1= Xde(s)+ [ (~s)ean(s)
Then, for any ¢ € C([—r,0],R), the solution = of (E)-(C) satisfies

A o)) = ﬁ?éfo)) ’

where

0 0
LOod) = 4(0)+ [9?5(3)—/\06’\"5 / e-*owu)du} &(s) +

;O’ " s
+ f e [ f e"\"“qb(u)du] dn(s).
Note: Property (P()\g)) guarantees that 1+ () > 0.

We immediately see that Ap = 0 is a root of the characteristic equation (%) with
the property (P(Ag)) if and only if

0 0
[ =0 ma [ v+ [ omme <,

-—a

ie. if and only if the following condition holds:

0
Q) n(=7)=n(0) and V(¢)(0)+ | (=8)dV(n)(s) < 1.
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(Note that V(¢)(0) is the total variation of ( on the interval [-o,0].) Thus, an
application of Theorem 1 with Ay = 0 leads to the following corollary:

Corollary 1. Let condition (Q) be satisfied. Then, for any ¢ € C([—r,0,R),
the solution x of (E)-(C) satisfies

$(0) + 2, $(s)dc(s) + [°, | [ #w)du] dn(s)
1+[C0) — (o) + J2 (=s)dn(s)

Note: The second assumption of (Q) ensures that
0

14 [¢(0) - ¢(—0)] + f (~s)dn(s) > 0.

-7

tlim z{t) =

Another immediate consequence of Theorem 1 is the following nonoscillation
result. As customary, a solution of (E) is said to be nonoscillatory if it is either
eventually positive or eventually negative.

Corollary 2. Let Ag be a real root of the characteristic equation (x) with the
property (P(Xg)). Then, for any ¢ € C([-r,0],R), the solution x of (E)-(C) will
be nonoscillatory, except possibly if ¢ is such that L(Ag;¢) = 0, where L(Ag; ) is
defined as in Theorem 1.

Consider a real root Ag of (*) with the property (P(\g)) and, for any ¢ €
C([-r,0],R), let L(Ag; ¢) be defined as in Theorem 1. Clearly, the operator L(\o;-)
is linear. Moreover, there exists a function ¢, € C([—7,0],R) such that L(Ag; ¢g) #
0. Indeed, if we set

¢o(t) = et forte [-7,0],
then ¢, € C([-r,0],R) and we have
0 0
LOsd) = 40(0)+ [ [oals) =20 [ o gouian) dece) +
0 0
+ f etos [ f eﬁ)“’“gﬁg(u)du] dn(s)

-7

0

- 14 7 e o™ (—s)] dC(s) + [ st

—c —r

0 0
= 1+ [ = deaeodgts) + [ (—o)ednts)

= 1+7(X) >0,

where y(Ag) is defined as in Theorem 1. So, by the same method with the one that
was used by Driver in [3] (see, also, Philos [13]), one can prove the following result
(which can be considered as a complement of Corollary 2):

Let Ag be a real Toot of the characteristic equation (*) with the property (P(Xg))-
Moreover, for any ¢ € C([—7,0],R), let L(Ao; @) be defined as in Theorem 1. Then
the set of all functions ¢ € C([—r,0],R) which satisfy L(X\o;$) = 0 is a nowhere
dense subset of the Banach space C([—r,0],R) (with the sup-norm).
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The following theorem establishes an estimate for the solutions of the neutral
delay differential equation (E) and, also, a stability criterion for the trivial solution
of (E).

Theorem 2. Lel g be a real root of the characteristic equation (*) with the

property (P(Xo)).
Consider v(\o) as in Theorem 1 and set

0 0
100 = [ [+ Pol (=) V(QO)s) + | (=5)e dV(n)(s).

Then, for any ¢ € C([—r,0],R), the solution z of (E)-(C) satisfies
lz(t)] < N(o) I8l €™ for all t >0,
where
1+ p(Xe) [ 1+ p(Ao)
N(dg) = 200 | |y 4 T R200
00 = 1500 ¥ [ T+200)
The constant N(Ag) is greater than 1.
Moreover, the trivial solution of (E) is: Uniformly stable if Ao = 0, uniformly
asymptotically stable if Ay <0, and unstable if A\g > 0.

| Hr0 matz, o

Note that the criterion for the uniform stability contained in Theorem 2 can
equivalently be formulated as follows:
The trivial solution of (E) is uniformly stable if condition (Q) holds.

3. PROOF OF THEOREM 1

First of all, let us define p()\g) as in Theorem 2, i.e.

0 0
#(Xo) = f_ [1+ [do| (—s)] *°dV ({)(s) + ’ (=s)e**dV (m)(s)-
Property (P(Xo)) means that

(3.1) 0<pu(i) <l
We have
0 0
ool < | [ [1=o(-s)dc(s)] + | [ (~s)ero%ants)
0 0
< [ n-r-9leav Qe + [ eoravm)
0 0
< [ urplaeeav @@ + [ (—oavi)
that is

[7(A0)| < p(Xo)-
So, in view of (3.1), it holds |y(Ao)| < 1. This, in particular, implies that
1+9(X) > 0.
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Consider now an arbitrary initial function ¢ in C([—7,0],R) and let = be the
solution of (E)-(C).
Define
y(t) = e **z(t) fort > —r.
Then, by using the fact that Ag is a (real) root of the characteristic equation (*),
we obtain for every ¢ > 0

[z(t) + [ ’ x(t+s)d¢<s)}' -/ " b sie) =

—0o -7

0

oy (e + s)dc(s)} -

—a

ot { [y(t) - f ) e*°y(t + s)d¢ (8)} % Ao [y(ﬂ E

-7

0
— ey (t + s)d’q(s)}

etot { [y(t) + f ’ e*Sy(t + s)d¢ (s)] ’ +

=

+ [—Ao f ’ eXod((s) + / ' e"“sdn(S)] y(t) +

—c -

0 0
o [y - [ Poryle S)dn(S)}

—0o -7

- e*"t{[y(m f_o e"°3y(t+S)dC(3)] ""“f_o 2 [y(t) — y(t + 5)] dC(s)

0
+ [ oty - yte +o) dn(s)} .

-7

Thus, since z satisfies (E) for all ¢ > 0, it follows that y satisfies

0 i’ 0
(3.2) [y(t) + / e"““’y(t+3)dC(3)] =X [ € [y(t) —y(t+ s)] d((s) —

—c -0

- f ’ e*® [y(t) — y(t + s)]dn(s) fort>0.

On the other hand, the initial condition (C) becomes
(3.3) y(t) = e tP(t) for t € [-r,0].

Furthermore, we can see that (3.2) may equivalently be written

y(t) + /_ oa e**°y(t + s)d((s) = Ao _[ Oa g [ [ ; y(u)dﬂ:} &(s) -

- /' ? o [ ft ' y(u)du] do(s)+K fort>0

-7 +s
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for some real constant K. But, by taking into account (3.3) and the way of definition
of L(Ap; @), we have

K = y0+ [ " oty (s)dC(e) - o v ie%s [ f oy(u)du] dc(s) +

-a

o [

¢(0) + j: Da $(s)d(s) — o /: (: et [ fs ’ e_)‘°“¢(u)du] d((s) +

= f_ ‘i e*o® [ fa ’ e"‘“"qb(U)du] dn(s)

60+ [ [666) = 20 [ e ] o) +

e[ sonf o
= L(Xo; ¢).

So, (3.2) is equivalent to

I

6 o+ [ Pontersae = [ ][y o) -

- ° o[ ’ Yw)du] dn(e) + L0aid) for s 20

t+s
Next, we set

) = v(0) - ol

Then, by using the definition of (Ag), it is easy to check that (3.4) takes the
following equivalent form

35) )+ [_ i 9% (¢ + $)dC(5) = ho f K [

fort > —r.

t

f N z(u)du] d{(s) —

t

_ /_ (: s [ f:r z(“)d“J dn(s) fort>0.

Moreover, (3.3) is written as follows

. L(Ao; 9)
3.6 (1) = e M) — 2 ) for t € [-r,0].
(36) ()= e™'0(0) - 7522 [=r,0)
By the definitions of y and z, what we have to prove is that
(3.7 1:I_l.rgcz(t) =0.

In the rest of the proof we will establish (3.7). Put

L{Xo; 9)
1+9(M)|”

M(xo;9) = max e %(t) —



NEUTRAL DELAY DIFFERENTIAL EQUATIONS 9

Then, in view of (3.6), we have
(3.8) [2()] < M(Ao;4) for —T<t<0.

We will show that M (Ag; ¢) is a bound of z on the whole interval [-7, 00), namely
that

(3.9) |2(t)] < M(Xo;¢) forallt>—r.
To this end, let us consider an arbitrary number € > 0. We claim that
(3.10) [2()] < M(Xo;¢) +€ for every t > —r.

Otherwise, because of (3.8), there exists a point ¢y > 0 such that
[2(t)] < M(Ao;¢)+€e for —r <t<ty, and |z(to)|=M(No;9)+e.

Then, by taking into account the definition of u(A\g) and using (3.1), from (3.5) we
obtain

M(Xo; §) + € = |2(to)| =

Il

‘—-/;Oa e*°z(to + s)d((s) + o fo gt [./:0 Z(“)d”] d¢(s)—

[l oo

< | [ 2stto +9aco| +pal| [ [ ]+ ()] dc(s) +
AR

0 0 tg
< L 9 fa(to + )| dV(Q)(s) + ol [ e [ eyl V(Q)(e) +
0 to
Aos z(u)du s
+f e ]+ (w)d Idvm)()

1

IA

0 0 0
f e [z(to + 5)| AV (C)(s) + o] [ € [ /t IZ(H)Idu] av({)(s) +

—c —o ot+s

+ [ o I ° et du] av(a)(e

-7 o+s

0 0
< U_ e**dV (¢)(s) + | Aol : e (—s)dV (¢)(s)+
0
+f eMS(—s)dv(n)(s)] M (0: ) + ¢

0

0
{[ w+palareorars + [

#(2o) [M(Ao; 8) + €] < M(Ao;8) + €.
This is a contradiction and so our claim is true, i.e. (3.10) holds true. We have

thus proved that (3.10) is fulfilled for all numbers € > 0. Hence, (3.9) is satisfied.
Now, by virtue of (3.9), from (3.5) we derive for £ >0

(—s)e*"wm)(s)} (M3 6) +4]



10 CH. G. PHILOS AND 1. K. PURNARAS

L) < ]_ie*°3z(t+s)d4(s) + ol f_':em [jt;z(u)du] ac(s)| +
+ /; E; etos [ -/:_sz(u)du] dn(s)
0 0 t
< [l v el [ | [ ui v +
+f " s Ji " o(u)du| V(o))
—r s ; :
< [ e later 1avie) + ol [ o[l avioe +
+f 0 s [ / + ol du| @V 2)e)
<

0 0
[ /_ 954V (¢)(5) + ol [ 2% (—s)dV (¢)(s)+
0

+ [ 0| Mo

0—_1. 0
= { [ e melanemavoo+ [ e oavs | mose)
and consequently, by the definition of u()g), we have
(3.11) |2()] < p(ho)M(Ao;¢) for every ¢ > 0.

By using (3.5) and taking into account the definition of p()g) as well as (3.9) and
(3.11), one can show, by an easy induction, that z satisfies

(3.12) [2(®)] < [6(Xo)]” M(Ao;¢) forallt>wr—r (v=0,1,2,...).
Because of (3.1), we have lim [u(Xo)]” = 0. Thus, from (3.12) it follows that
Jim 2(£) = 0, ie. (3.7) holds true.

The proof of Theorem 1 is complete.

4. PROOF OF THEOREM 2

We first notice that, as in the proof of Theorem 1, we have 0 < u(X) < 1,
[7(A0)l < w(ro) and 14 7(Xg) > 0. It follows immediately that N()\g) > 1.
Consider an arbitrary function ¢ in C([—r,0],R) and let z be the solution of (E)-
(C). Let y and = be defined as in the proof of Theorem 1, i.e.

L(Ao; ¢)
1 +7(Xo)

where L(Ag; ¢) is defined as in Theorem 1. Moreover, let M()\g; ¢) be defined as in
the proof of Theorem 1, i.e.

y(t) = e Mig(t) fort > —r, and z(t) =y(t) - fort > —r,

L .
M(A0s¢) = té.?.;ai{gl B_Aotqb(t) _ %E—% )
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Then, as in the proof of Theorem 1, we can show that z satisfies (3.11), namely

12(t)] < p(Ao)M(Ng;9) for every t > 0.
By the definition of z, from the last inequality it follows that

|L(Ao; 9)| .
(4.1) ly(®)| < 1+10q) + w(Ao)M(Ao; ) for t > 0.
On the other hand, from the definition of M(Ag; ¢) we get
[L(20; 9)]

M(0;9) < gl max{l, &7} + -0y
So, (4.1) gives

4D W) S TS E0w o)l + Il u0o) max{1, "), 20

Furthermore, by the definition of L(\o; @), we obtain

0 0
Loaa) < o+ [ [qb(s)—Aoe*w / e~*°"¢(u)du] at(s)| +

* Ui e [ f 0 e‘*“qb(u)du] s

01+ | [ [0 [ egtuan] evsaces) +
[ [ stora] owanto
< oI+ [ 0 e0(e)—a [ e

+ f_ 0 f ® oo g )
< 001+ [ [0 19001+ ol [ e o] esav o)+
+ [ ][ e owian oaviane

Il

+

e dv(¢)(s) +

eX*dV (n)(s)

and consequently
(4.3) [L(Xo; ¢)| <

< 1ol {1 + [ 0 (e*"“ + ol [ ’ e-*‘wdu) A0V (¢) (s)+

+ /_ OT ( f ’ e—’“v“du) e’\"st(n)(s)] X

‘We have previously used the following elementary inequality
et < max{1,e*"} for each t € [-r,0].
By this inequality, we have
e~° < max{1,e’"} for s € [-0,0],
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0
f e~ 2%dy < (—s) max{1,e*"} for s € [0, 0]
s
and
0
f e 20%dy < (—s) max{1,e*"} for s € [-,0)].
s

Thus, (4.3) leads to

0
£00d) < Bl {1+ ([ 1+ pal ol @oav o+

0
+ [ o avin) ) maxir, o,
which, in view of the way of definition of p(\g), can be written as follows

IL(20; §)| < ligll [1 + p(Ao) max{1, e }] .
Hence, (4.2) gives for t > 0

WO < {TEEED [1-+ uoo)max(1, )] + u(ho) max{z, &7} o)

1+ p1(Xo) [ 1+i£(/\o)] dor }
o T 2 (0 1,et
{289 + 14 1208 o) maxtn, oy Lo
and so, because of the way of defining N(Ag), we have

ly(®) < N(do) Ipll  for every ¢ > 0.
Finally, in view of the definition of y, we obtain
(4.4) |z(#)] < N(ho) ligll e™*  for all £ > 0.

This completes the proof of the first part of the theorem. It remains to show the
stability criterion contained in the theorem.

Let us suppose that Ag < 0. Let ¢ € C([—r,0],R) be an arbitrary initial function
and let = be the solution of (E)-(C). Then (4.4) holds and hence

[2()] < NOo) gl for every ¢ > 0.
Since N(Ag) > 1, it follows that
lz(£)] < N(o) [I4]| for all ¢ > —r.

By using this inequality, we can immediately verify that the trivial solution of (E)
is stable (at 0). Moreover, if Ay < 0, then (4.4) guarantees that

lim z(t) = 0.
t—oo

Thus, for Ag < 0 the trivial solution of (E) is asymptotically stable (at 0). Because
of the autonomous character of (E), the trivial solution of (E) is uniformly stable
if Ag =0 and it is uniformly asymptotically stable if Ay < 0.

Finally, we assume that Ao > 0 and we will show that the trivial solution of
(E) is unstable. Suppose, for the sake of contradiction, that the trivial solution of
(E) is stable (at 0). Then we can choose a number § > 0 such that, for each ¢ €
C([-r,0],R) with ||¢|| < 8, the solution z of (E)-(C) satisfies

(4.5) |z(t)] <1 for all £ > —r.
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Set
Bo(t) = ¢ for t € [-1,0].
We see that ¢ € C([—r,0],R) and, as in Section 2, we can verify that
(4.6) L(Xo; ¢) = 1+ 7(X0) > 0,
where y(Ag) and, for any ¢ € C([—r,0],R), L(A\o; ¢) are defined as in Theorem 1.
Next, we consider a number §¢ with 0 < §y < 6§ and we put
o
¢= "d’—(}”fﬁo-

Clearly, ¢ belongs to C([—r,0],R) and ||¢|| = do < 8. Hence, for this initial function,
the solution z of (E)-{C) satisfies (4.5). On the other hand, by applying Theorem
1 and taking into account (4.6) as well as the linearity of the operator L(Ag;-), we
obtain

et L0i8) _ (6o/ doll) LO0i®) _ 6
B O =T 00 T 14000 Tl
But, since Ag > 0, from (4.5) it follows that

lim [e~*¢z(t)] =0.

t—o0

0.

We have thus arrived at a contradiction.
The proof of Theorem 2 is now complete.

5. APPLICATION OF THE MAIN RESULTS TO THE SPECIAL CASE
OF NON-NEUTRAL EQUATIONS

In this section, we will concentrate our interest to the special case of the (non-
neutral) delay differential equation (Ep) and we shall apply our main results to this
equation. So, for the delay differential equation (Eg), the following results hold:

Theorem 1. Let Ap be a real root of the characteristic eguation (x)o with the

property (p(Ao))-
Then, for any ¢ € C([—7,0],R), the solution = of (Eo)-(Co) satisfies

. - _ £(Xo; @)
};ﬂgo [e=*tx(t)] = Tz fi- RS

where
0

os [ f ’ e_’“’“qb(u)du] dn(s)-

Note: Property (p(A\o)) guarantees that 1+ f_OT(—.s)e""sdn(s) > 0.

f00i9) = 60) + [

e

Corollary 1. Let condition (Qp) below be satisfied:

0
(Qo) (=) =n(0) and _T(—S)dV (n)(s) < 1.
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Then, for any ¢ € C([—7,0],R), the solution x of (Eo)-(Co) satisfies
#O) + [2, |17 owde] dnts)
lim z(¢) =
E00 1+ fo (—s)dn(s)
Note: The second assumption of (Qp) ensures that 1 + fi_(—s)dq(s) > 0.

Corollary IL. Let Ag be a real root of the characteristic equation (x)o with the
property (p(Ao)). Then, for any ¢ € C([—7,0],R), the solution = of (Eg)-(Co) will
be nonoscillatory, except possibly if ¢ is such that £(Ao;d) = 0, where £(Xo;P) is
defined as in Theorem 1.

A complement of Corollary II is the following result: Let Ag be a real Toot of
the characteristic equation (*)o with the property (p(Xeo)). Moreover, for any ¢ €
C([-7,0],R), let £(Ao; @) be defined as in Theorem 1. Then the set of all functions
@ € C([—,0],R) which satisfy £(Ag; ¢) = 0 is a nowhere dense subset of the Banach
space C([—7,0],R) (with the sup-norm).

Theorem II. Let Ag be a real root of the characteristic equation (x)o with the

property (p(Ao))-
Then, for any ¢ € C([—7,0,R), the solution z of (Eo)-(Co) satisfies

[2(2)] < n(Xo) [lpl| €*°* for all t > 0,
where

B = B Lr=s)evdvms) ll L f_"f(—s)e*wde)(s)] .

14 fET(—s)e’""’dn(s) 1+ f_o,,,(—s)e"‘ﬂsdn(s)

: [ _‘:(—s)e"“dvm)(s)] max{1,*7}.

The constant n(Ao) s greater than 1.
Moreover, the trivial solution of (Eg) is: Uniformly stable if Mg = 0, uniformly
asymptotically stable if Ag < 0, and unstable if Ao > 0.

We observe that, as it concerns the uniform stability, the corresponding result
in Theorem II can equivalently be stated as follows:
The trivial solution of (Eg) is uniformly stable if condition (Qp) holds.

6. SUFFICIENT CONDITIONS FOR THE CHARACTERISTIC
EQUATION TO HAVE A REAL ROOT WITH THE PROPERTY
REQUIRED

In this section, we will give some conditions, under which the characteristic
equation (x) (and, in particular, the characteristic equation (x)o) has a real root \g
with the property (P(Ag)) (and, in particular, with the property (p(Xo)))-

Lemma 1. Assume that

0
(Hy) /_o e*/md((s) + rf e~*/mdn(s) > —
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(H) —/O es/"d(j(s)+1'-/;0 e¥/mdn(s) < 1

-

0 0
@) [ o avee + f_ (=8)e=*/"dV(m)(s) < 1.

Then, in the interval (—1/r,1/r), the characteristic equation () has a unique
oot Ag; this Toot has the property (P(Ao))-

Proof. Define

F)=A [1 + f_ i e)‘sdg(s)] - f_ i e*dn(s) for A € [-1/r,1/7].
We have
F(-1/r) = - [1—!—]0 e_"‘/’"d(;(s)] —]i e™*/"dn(s)

-

1
p
0 0
—% [1 + ./: i e~*/d¢(s) + 7 j; i e "dn(s)]

and so, by (H;), we get
F(-1/r) <.
Moreover,

Flr) = %[1—!— ] ’ es/’"dg(s)] - f ? el dn(s)

- —_

= —% [—1 - ji es/md((s) + 'r/_uT es/rdﬂ(s)}

and hence from (Hg) it follows that
F(1/r) > 0.
Furthermore, by taking into account (Hz), we obtain for A € (—1/r,1/r)

0 0
PO = 14 /; [1 = A(—s)] Xdc(s) + f_ (—s)eX*d(s)

0
- — [_ (—s)edn(s)

[ n-xcomea

0 0

> 1= [ p-xale v - [ (—oavim)
o 0

= [ BN - [ (s avme)

-

v

0 0
> 1= [ n e v - [ et avie
0,
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and therefore F is strictly increasing on the interval (—1/r,1/7). So, in the interval
(=1/7,1/7), the equation F(A) = 0 (which coincides with (x)) has a unique root
Ao- This root satisfies (P(\g)). Indeed, by using again (Hs3), we have

0 0
[1+ Dol (—s)] e°dV (¢)(s) + f (=s)e™*dV(n)(s) <
—c

it

0 0
< f [L+ (=s)/rle~*/"aV ({)(s) + d (=s8)e™*"aV(n)(s) < L.

-

This completes the proof.

Now, we will confine our attention to the special case of the (non-neutral) delay
differential equation (Eg), for which the characteristic equation is (*)p. In this case,
conditions (H;), (H2) and (H3) take respectively the forms

0
(H1)o T'/: e~*/Tdn(s) > —1,
0
(Hz)o T /; eTdn(s) < 1
and
0
(Hz)o g (—s)e™*/"dV (n)(s) < 1.

Lemma 1 can be applied to the case of the characteristic equation (*)o with the
assumptions (H;)o-(Hs)o instead of (H;)-(Hz). But, we have the following result
which is slightly better.

Lemma 2. Let (H;)o end (Hs)o be satisfied. Then, in the interval (—1/7,00),
the characteristic equation (%) has a unique oot Ag; this root has the property
(p(Xo)) and, provided that (Hz)o holds, the root Ag is less than 1/7.

Proof. Set

0
FA)=X- / e*dn(s) for A > —1/7.

-

It follows immediately from (H;)o that
Fo(-1/7) <.
Next, for every A > —1/7, we obtain

0 0
5 5 = f_ eV (n)(s) > A~ ] e/ aV (n)(s)

—-T

Fo(A) > A— ' ’ e*dn(s)

-T

and consequently

Fy(c0) = 0.
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Moreover, we have for A > —1/7

0
FO) = 1+ / (=s)edn(s) > 1 —

[ (9)edn(s)

0 0
> 1= [ (9MavmE > 1- [ (e mav i)

and so, by (H3)o, it follows that Fp is strictly increasing on (—1/7,c0). Hence, in
the interval (—1/7, co), there exists a unique root Ag of the equation Fy(\) = 0 (or,
equivalently, of (x)o). By using again (Hz)g, we get

1] 0
(o avme) < [ (o ravims) <1

and consequently the root Ay satisfies (p(Ao)). Finally, let us assume that (Hz)o is
also satisfied. This assumption means that Fy(1/7) > 0. Thus, we can immediately
conclude that the root Ag is always less than 1/7. The proof is now complete.

It is remarkable that conditions (H;)o, (H2)o and (Hz)o are satisfied if the fol-
lowing stronger condition holds:

0
(Ho) r [ e>/"dV(n)(s) < L.

-7

In fact, we have

0
T f e~/ Tdn(s) > —r

-

/ ’ e™*/Tdn(s)

-7

f ’ e*/"dn(s)

-

0
> =1 [ elravins)

—T

0
<r [ elavim)

-

0
7'[ e/Tdp(s) < T

—T

0 0
& o j av(n)(s) < T f eIV (n)(s)

—_ —_

and

0
f (—s)e=*/"dV()(s) < T ] /v (n)(s)

—T

and so our assertion is true. Furthermore, since

) 0
T f e /Tav(n)(s) <Te | dV(n)(s) =7V (n)(0),

—_T —_T

we conclude that condition (Ho) holds if

(Ho) TeV(n)(0) < 1.
(Note that V(n)(0) is the total variation of 17 on the interval [-,0].) Condition
(Ho) and, in particular, condition (Hy) were used by Driver [3].

Note that it is an interesting problem to find other conditions on ¢ and 7 and
on the integrators ¢ and 7, which are sufficient for the characteristic equation (x)
to have a real root Ao with the property (P(Ap)). This problem remains interesting
still in the special case of the characteristic equation (+)g.

Before closing this section and ending the paper, we will use Lemma 1 (and, in
particular, Lemma 2) to find some explicit conditions in terms of o, 7 and ¢, 7 (and,
in particular, in terms of 7 and 7), under which the trivial solution of (E) (and,
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in particular, of (Eg)) is uniformly asymptotically stable or unstable. Note that
analogous conditions for the uniform stability of the trivial solution of (E) (and, in
particular, of (E¢)) have already been given in previous sections.

Let us assume that (H;), (Hz) and (H3) hold. Then Lemma 1 guarantees that,
in the interval (—1/r,1/r), the characteristic equation (*) has a unique root A;
this root has the property (P(Ag)). Let F be defined as in the proof of Lemma 1.
For this function, as in the proof of Lemma 1, we have

F(-1/r)<0 and F(1/r)>0.

Clearly, g is negative if F(0) > 0, and Ag is positive if F(0) < 0. On the other
hand,

0
F(0)=— [ dn(s) =—[n(0)—n(-)].
So, Ag < 0if (0) < n(—7), and Ag > 0 if n(0) > n(—7). Hence, from the stability
criterion contained in Theorem 2 we can obtain the following result:

Let conditions (H), (Hz) and (Hz) be satisfied. Then the trivial solution of (E)
is uniformly asymptotically stable if n(0) < n(—7) and it is unstable if 7(0) >
n(=7)-

By an analogous way, we can use Lemma 2 and the stability criterion contained
in Theorem II to derive the following result:

Let conditions (Hy)o and (Hs)g be satisfied. Then the trivial solution of (Eg) is
uniformly asymptotically stable if 1(0) < n(—7) and it is unstable if n(0) > n(—7).
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